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A new approximate solution which bridges the gap between the classical theories of Graetz and Leévéque for heat/mass
transfer in channel flow is presented. The results include expressions, uniformly valid in the axial direction, for the mixing-
cup concentration (or temperature) profile {c) when transport towards the wall is slow (Dirichlet limit), and for the
Sherwood number Sh when the wall flux can be considered uniform (Neumann limit). The technique employed provides
insight into the mathematical structure of both quantities (c) (or conversion Xg) and Sh identifying explicitly the
contributions from fully developed and developing behaviors, while maintaining accuracy in the transition region. Criteria
to bound the different convection-diffusion regimes are suggested, which critically systematize previous results. These
results are important for model selection in the design and simulation, among others, of heat exchangers and wall-coated
microreactors where fast heterogeneous reactions occur. © 2011 American Institute of Chemical Engineers AIChE J, 58:
1880-1892, 2012
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Introduction

Modeling heat or mass transfer in internal channel flow
has been the basis for analyzing heat exchangers and tubular
chemical reactors, being therefore of utmost importance for
the understanding of a large number of chemical engineering
processes. For a channel with high length-to-diameter ratio,
in the absence of bulk source terms, the conservation equa-
tion translates the balance between convective transport and
transfer to or from the wall. This can be formulated as the
classical Graetz-Nusselt problem,l’2 which has been exten-
sively dealt in the literature for several boundary conditions
at the channel’s surface (suitable reviews are available in the
literature®®). The simplest cases include the situations of
uniform temperature (concentration) or uniform heat (mass)
flux evaluated at the wall, Dirichlet and Neumann boundary
conditions respectively. In heat exchangers, these boundary
conditions can be found when the fluid conductivity is much
smaller or larger than the wall conductance. In chemical
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reactors, a fast heterogeneous reaction in a catalytic layer
attached to the duct wall may lead to concentration annul-
ment along most of the surface of a monolith channel or
microreactor. Fast reactions are natural candidates for micro-
processing due to the fast heat removal and short residence
time characteristics of these devices. Therefore, many proc-
esses involving microreactors and catalytic monoliths occur
under external mass transfer control.” Recently, a criterion
for attaining this regime was presented.® Alternatively, in the
limit of a very slow reaction or when a biochemical reaction
kinetics can be reasonably approximated by a zeroth-order
reaction, Neumann’s boundary condition is appropriate to
describe the region where wall concentration exhaustion
does not occur. Besides boundary conditions, the heat trans-
fer problem shares similarity with the mass transfer one, i.e.
the same equation describes concentration or temperature
profiles made dimensionless according to

)]

The main quantity of interest is the mixing-cup concen-
tration/temperature (velocity profile-averaged value over the
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transverse length scale), since it describes the performance of
the system (conversion) and can easily be measured experi-
mentally (at least at the exit of the channel). From Graetz’s
series solution, the mixing-cup concentration profile is®
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where the coefficients w, include integration constants and
eigenfunction derivatives at the wall (related with Shah and
London’s G, by w, = ZJG,,/iﬁ), and 4, are the eigenvalues
associated to the eigenfunctions superposed in an infinite
series (see Appendix). For Neumann and Dirichlet wall
conditions, these quantities depend only on the channel
geometry and on the (flat or parabolic) flow profile.
Alternatively, one-dimensional models may be used, with
heat or mass transfer coefficients calculated according to
correlations for the Nusselt and Sherwood numbers of the form

S/’I(Z) = (S + 1) km(DZ)a = _(ic_;(zl))(ici‘f;lwall
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where 7,(z) = exp( ) is the part of the solution showing

the dependence on the axial coordinate. From Eqs. 2 and 3, it
is possible to see that an inconvenience occurs as z/oPe,,—0 in
this slowly convergent series. In fact, the number of terms
needed to obtain an accurate solution increase sharply as the
inlet of the channel is approached or as convection becomes
more dominant. In this case, the profile can be obtained by
Lévéque’s solution,>®*' a simplified treatment concerned
with the thin boundary layer that develops near the wall in the
thermal entry region. In practical terms, the analysis of the
problem in the whole range of Graetz number (oPe,, / z) has
been fragmented into two main regions: an entrance length
(where Lévéque’s solution is valid) and a fully developed
section (where only one term from the series in Eq. 2 is
enough). Lévéque’s regime and its transition to full develop-
ment may be significant when millisecond contact time
reactors are used, as it is often the case. Rosa et al.'! reviewed
the importance of several scaling effects in single-phase heat
transfer in microchannels. They noted that several prior
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reviews have reported large discrepancies between experi-
mental, rigorous numerical and analytical results. Then,
several effects (arising from working at the microscale) that
might be at the origin of such deviations were explored.
Concerning inlet effects (development of the temperature
profile), the following observations were made: (a) the thermal
entry length solution must always be considered to describe
heat transfer; (b) these effects can be especially important in
microchannel sinks due to their compactness; (c) examination
of the range of the Graetz parameter in several experimental
works led to the conclusion that most of the times the profile
cannot be considered fully developed. In the case of
electrochemical microfluidic reactors, Yoon et al.'> proposed
an improved design based on the analysis of the boundary
layer in the Graetz problem. They mention that many
microreactors operate in the entrance length regime. There-
fore, a non-negligible channel length may be required for the
profile to be considered fully developed. A correct description
of such cases has relied on the use of compartment
models,'*!'* where once a critical value of (xPe,/2)* is
identified, Lévéque’s solution is used if aPe,/z > (aPe,/2)*,
while the fully developed solution is adequate for aPe,,/z <
(aPe,,/z)* (Figure 1). This represents a change from high to
low conversion asymptotes as the Graetz parameter
increases. It also represents the onset of diffusive effects
at the global (maximum) transverse scale of the channel, as
for z/aPe,, < (z/oPe,,)* these are confined in a boundary
layer. When the profile is fully developed, transverse
concentration gradients are important over the whole radius
of the duct. In this case, a uniform value for Sherwood
number is obtained.

A uniformly valid description of this fundamental problem
has been pursued in several ways,” of which the most widely
used are:

(a) Numerical calculation of w, and A, (n > 1) to
include more terms in Eq. 2: Brown'’ reports the first
eleven terms in the solution for the Dirichlet problem in
laminar flow. Other authors have tabulated eigenvalues and
constants for several geometries (see Lopes et al.'® and
references therein).

(b) Calculation of w, and /, using of asymptotic relation-
ships for large n: Sellars et al.'” use the WKB method to ap-
proximate eigenfunctions, eigenvalues and integration con-
stants in Graetz’s series solution. Newman'® extended these
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approximations, which were used by Shah and London® to
estimate 4, and G,, for 21 < n < 121 for a circular channel.

(c) Matching of developed and developing profile limits
by empirical correlations: This approach has been success-
fully applied to the prediction of S4 number as a function of
the Graetz parameter. For example, Lopes et al® provide
expressions in the Dirichlet and Neumann limits.

(d) Extension of Lévéque’s solution with higher order per-
turbation corrections: This has given origin to what is called
Lévéque’s series,> which is a perturbation series on powers
of the concentration boundary layer thickness, ¢

(e)z)=1- Z ),0" 4)
n=0
where (), (z) = (ys;el,,? I d(”’wall dz and n > 1. A reasona-

ble number of terms in series (4) has been given by New-
man'®?® and Worsoe-Schmidt,?' as reported in Shah and
London® for both Dirichlet and Neumann boundary condi-
tions. Note that from the convection-transverse diffusion
dominant balance in the boundary layer, 6 ~ [(S + 3)
o Pe,,] 7, where: ¢ = 1/2 for plug flow, ¢ = 1/3 for laminar
flow, S = 0 in a planar duct and S = 1 in a circular channel.

The following disadvantages or limitations of the previous
approaches can be enumerated:

e It has been shown?” that the evaluation of Graetz series
terms with minimum associated error may have to include
the use of strategies (a), (b), and (d) simultaneously, depend-
ing on the value of n and z/a Pe,, for the simpler case of
uniform wall concentration (or temperature).

® A significant numerical effort may be associated with (a),
since a large number of terms may be required. For example
when z/a Pe,,, > 1074, Shah and London® used 120 terms in Eq.
2. Moreover, this gives origin to expressions far too complex
with no insight on the contribution from the developing profile.

® An accurate approximation from Eq. 4 in the intermedi-
ate region demands a large number of terms in this series.
For z/a Pe,, < 10’4, Shah and London® use 7 terms. The
higher order terms are meant to account for the effects of
channel curvature and velocity profile nonlinearity. Each
coefficient is determined by solving a perturbation problem
with subdominant terms that depend on solutions calculated
previously. In addition, the approximation generally breaks
down in the transition region.

e The formulation of empirical correlations may involve the
introduction of fitting parameters to improve the approximation.8

In this work, we present an approximate solution for con-
version (“Instantaneous concentration annulment at the
wall” section) and for the Sherwood number (““Uniform wall
mass/heat flux” section) which identifies both fully devel-
oped and developing profile contributions, requiring
minimum numerical evaluation. This result accelerates the
convergence rate of Graetz series producing only two or
three terms. It is also free from the limitations of perturba-
tion solutions (which require smallness of a parameter in the
governing equations) as a result of the mathematical tech-
nique employed, which to our knowledge hasn’t been
applied to problems of this type so far. Moreover, criteria
for the dominance of each contribution and transition
between regimes will be provided (“Transition criteria
between regimes” section). This is fundamental for the
appropriate choice of correlations in the modeling and inter-
pretation of experimental data. Our procedure consists in

1882 DOI 10.1002/aic

Published on behalf of the AIChE

asymptotically evaluating the summations in Eqs. 2 and 3,
rewritten as

Sh(z)or{c ~ lim Zf Q)

N—»ao

for large N and for each of the geometries and flow profiles
studied. This implies that each term in those summations will
have to be written explicitly as a function of n. Even though
this is only known exactly for the case of plug-flow between
parallel plates, accurate solutions can be obtained with some
additional assumptions.

Instantaneous Concentration Annulment
at the Wall (or Uniform Wall Temperature)

In the case where transverse transport controls, estimates
for the eigenvalues and weights in Eq. 2 can be analytically
calculated in an approximate manner (the subscript oo
denotes Dirichlet conditions). This is the case where the first
weight w; ., deviates most from unity (W, < w; < 1), and
where subsequent coefficients decay more slowly (since

Sw, =1).
Asymptotic dependence of eigenvalues and coefficients

The values for the first eigenvalue can be obtained
numerically and are widely tabulated®'>?

(parallel plates)

(circular channel) for plug flow,

2 = n-/4
oo 7] 5784 ~ 9% /16
(6a)

(parallel plates)

(circular channel) for laminar flow, - (6b)

2 [2828
leo = 17313

For laminar flows, the asymptotic predictions from Sellars
et al.'’ for large eigenvalues (yielding 4, .. = 5/3 and ;o
= 8/3, respectively) have less than 1% and 3% relative error
in comparison with Eq. 6b.

The coefficients in Eq. 2 are given by

2(S+1)
)2

n,00

(plug flow) N

Wioo = 5

Note that § = 0 for parallel plates and S = 1 for a circular
channel. When the flow profile is fully developed

11/6
3 WP =3.03844,77

1lel plat
ﬁl—*(l/G) n,00 (para € paes)

Winoo = 4—"—
(3a)

35/6

7/1 7/3 =8.10231, 7/3 (circular channel)
Val(1/6) "

Wpoo = 32
(8b)

for n = 1,2.... The above results were obtained from WKB
theory for large eigenvalues,'” nevertheless in the Dirichlet
limit they are acceptable even for n = 1.'® Numerical values
for w; ., are also widely tabulated (Lopes et al.'® and
references therein).

Writing the terms in Eqs. 2 or 3 as f(n) in Eq. 5 requires
some assumptions concerning the spacing between 4, and
Ans1 and the dependence of weights on eigenvalues. The key
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assumption of our analysis is that the spacing between
consecutive eigenvalues can be considered independent of
n, i.e.

Inoo =Moo+ (n—1AL (n=1,2...) ©)
where for large eigenvalues, the uniform spacing is

(plug-flow)

T
A= { 4 (laminar flow) 10

When the flow profile is flat, this is exact for parallel
plates, but only approximate for a circular channel, since
the spacing between eigenvalues is Ad,. ~ m — 1/(8
nn2)+0(n73) (i.e. becomes closer to m as n — 00)
from the asymptotic expansion of Bessel functions.** For
laminar flows, WKB theory for large eigenvalues
predicts a value of AZ which is independent of the
channel geometry (the curvature effects in the region
next to the catalytic wall are O(A, 2 3)). Equations 7-10
allow us to express the coefficients in the mixing-cup
concentration as

1N\ 2
Wnoo = Wl,o (1 +M> (I’l = 1, 2) (plug—ﬂow)

(11a)

= 1,2...) (laminar flow)

sy,

Wioo = Wi (1 +
)vl,oo

(11b)

Coefficients and eigenvalues are now a function of n,
requiring only the (exact or approximate) knowledge of
/oo and wj .. Even though these simplifications hold
more accurately as n — oo, we will consider them accurate
enough as the basis to build our approximation.

Structure of the mixing-cup
concentration/temperature profile

According to the previous section, the terms in the sum-
mation in Eq. 5 are now in appropriate form so that the
asymptotic behavior of the sum as N — oo can be deter-
mined using the Euler-Maclaurin sum formula.”> Retaining
the relevant terms, the simplified result for conversion of
reactant Xy is obtained

Xgp=1-— <C> ~ XGRAETZ +X{EVEQUE — HOT (12)

The following contributions to the conversion profile
along the channel can be identified:

e the first term of Graetz’s solution is exactly of the same
form as that in Eq. 2

_;‘%oc N
Xoraerz(z) = 1 —wy o exp| ———— (13)
o Py max
with iim and w) o, exactly known from Eqs. 6 or estimated
by asymptotic methods;
o the modified Lévéque’s solution, X{svequs consists
of Lévéque’s solution multiplied by a corrective gamma
function
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1
X{EvEQUE = () r (q )XLEVEQUE (14)

b
q oP €m,max

Note that ¢ = 1/2 for plug flow, ¢ = 1/3 for laminar flow
and that the original Lévéque solution is given by>**

2(S+1 z
XieveqQue(z) = % ~Po (plug flow) (15a)
¥ B 34/3 (S+ 1) (S+3) - 2/3
LEVEQUE = 2 T(1/3) -
(laminar flow) (15b)

with § = 0 for plates and S = 1 for circular channel,

e the second term of Graetz’s solution multiplied by a
compensation function A, which together with Eq. 14
accounts for the higher order terms (HOT) of Eq. 2 ignored
in Eq. 13

)% =z
HOT = wy A exp (ﬁ) (16)
m,max

In Eq. 16, the second eigenvalue is simply Ay o, = Ajo +
AJ, and is associated with the weight wy (= Wi o 2%,00/
)_%700 e.g. for plug-flow). The function A appearing in Eq. 16
depends linearly on the reciprocal of the Graetz number (z/
aPe,, ~Gz ') and is defined as

A=A +A— (17

o Pey max

By forcing the inlet boundary condition to be fulfilled, the
coefficients in Eq. 17 can be calculated using only the first
eigenvalue and previous relationships to yield

17W1$OO

A = (18a)
W2~
N
A = FA Jaoe (18b)

These results replace the earlier prediction in Eq. 19. Rig-
orously, the result obtained for A; can be shown to be asso-
ciated with the corrective effect accounting for all weights
ignored if series Eq. 2 is truncated after the second term, i.e.
by application of the Euler-Maclaurin sum formula to

A= an,oo/WZ,oo :
n=2
1
A :§+677;,2+7 (plug flow) (19a)
1 7 3
A = 5 + 5% + Tg (laminar flow) (19b)

Equations 19 are the approximate statement that all coeffi-
cients add to 1, and therefore A can be alternatively calcu-
lated from D 7 Wyoo = Wiso + W20 Ap = 1. Each term in
Eq. 12 is plotted as a function of z/aPe,, in Figure 2 for a
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Figure 2. Conversion Xy as a function of the reciprocal
of Graetz number (z/aPe,) in an infinitely
long circular channel with Dirichlet wall
boundary condition, according to Eq. 12.

The contributions of the one-term Graetz solution
XGraETZ, the higher order terms HOT and the corrected

Lévéque solution (Xjgygque) are also plotted as given by
Egs. 13-16.

catalytic tubular reactor with parabolic velocity profile. The
behavior of the different contributions in Eq. 12 is qualita-
tively the same for both geometries and flow profiles.

For laminar flows, Shah and London® calculated the mix-
ing-cup temperature profile under these conditions with the
120-term Graetz series (with both numerically and asymp-
totically determined eigenvalues and coefficients) for z/oPe,,
> 107" and with the 7-term Lévéque series from Worsoe-
Schmidt®' for z/oaPe,, < 107 In a circular channel, the
maximum error of Eq. 12 compared to Graetz series is
0.09% at z/aPe,, = 0.1 (in the intermediate regime between
the developing and fully developed limits), as shown in
Figure 3. For higher z/aPe,, the relative error decays
sharply, as the concentration tends to zero. If z/oPe,, < 6 X
1075, in the range where Lévéque’s extended solution is
more appropriate, the relative error is below 3 x107* %,
while the deviation from Graetz series solution increases due
to the unsuitability of that solution in the entry region.
Increasing the number of terms in the series, increases the
range where Graetz solution is still a correct estimate, but it
is a slowly convergent series: agreement with 5 digits
between Eq. 2 with 10 and 120 terms only occurs for z/aPe,,
> 0.02. For lower z/oPe,, the error in using Graetz series
increases significantly, and so does the error compared to so-
lution Eq. 12. Equation 12 has also several advantages over
existing solutions from 1D models with coefficients fitted
from comparison with particular numerical results. Since the
latter are not based on a uniform solution, but only on the
asymptotes, they usually result in a compartmented solution
with several ranges of Graetz parameter and significant
higher error at the endpoints of each interval.

Qualitatively, the behavior of the error between approxi-
mation Eq. 12 and Graetz and Lévéque’s series is identical
in a planar duct or when the velocity profile is flat. The
maximum deviations from Graetz series are: 0.1% at z/aPe,,
= 0.10 for plug-flows and 2.6% for laminar flow between
parallel plates at z/aPe,, = 0.01. The relative error with
Graetz’s series (for higher values of z/aPe,,) and with Léveé-
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que’s series (for lower values of z/oPe,,) decreases sharply.
Nevertheless, the intermediate region is also well described
by Eq. 12, with low errors from numerical calculations or
from Lévéque’s extended solution.

Concerning the degree of development of the profile, we
observe that the weighing function l“(q,).%‘OO 2/oP ey max)/T (@)
in Eq. 14 is related to the fraction of the profile described by
the inlet asymptote. If the value of this function is set to 1%,
then z/oPe,, = 0.12 (laminar flow in a circular channel). If
10%, z/oPe,, = 0.04. Then, depending on the level of influ-
ence from inlet effects that we are willing to tolerate, the
value of the Graetz parameter can be calculated accordingly.

Uniform wall mass/heat flux

When the mass or heat flux at the wall can be considered
uniform, the boundary condition at the wall becomes

dc :

oo =f (20)

01 r=1
where in the mass transfer problem, f = 0 for a channel with
inert wall (in the limit of a very slow heterogeneous reaction)
or f = —Da if a zeroth-order reaction occurs (without wall
concentration annulment). The mixing-cup concentration (or
temperature) is given by3’2(”27

gz

(¢)=1+f (plug and laminar flow)  (21)

o Pemﬁmax

Contrary to the previous case with Dirichlet boundary
condition, (c¢) in Eq. 21 does not include contribution from
the entry length profile. However, while in the uniform wall
concentration situation little insight is obtained by looking at
the Sherwood number, here it is useful to analyse this quan-
tity in more detail. We define Shy (or Nuy, for simplicity
both noted as Sh) as

S+ 10f
Sh = (22)
(€)(z) —c(r=1,2)
0.1 <
—— Graetz series k
(120 terms)
----- Graetz series
(5terms)
2 0.01 ; = = =] dvéque series
s (7 terms)
5
2
kS
e 0.001 1
/
4
0.0001 +—4——rmr——rrrr——
0.00001  0.0001 0.001 0.01 0.1 1 10

z/a Pe,

Figure 3. Relative error of the improved solution (12)
with Graetz series (2) (with 5 and 120 terms)
and with Lévéque’s series (4) with 7 terms as
described in Shah and London.®

This refers to laminar flow inside a circular channel.
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Considering the full solution for the wall concentration c¢(r
— 1, 220

12
1 1 — A)LO @n(l) 0 ”
- d 23
Sh Shfd + ; (S + 1) xp aPem.,max ( )

1

where: Shgy is the fully developed value of Sherwood number
given by Eqs. 24 below, A, o ¢, (1) is the product of the
eigenfunction evaluated at the wall and the integration
constant for the homogeneous eigenvalue problem in Neu-
mann conditions and 4, is the associated eigenvalue,
evaluated as described in the next section. For both planar (S
= 0) and circular channels (§ = 1)

Shig = (S+3)(S+1)

(S+1)(S+5)(S+7)
58+17

(plug-flow) (24a)

Shgg = (24b)

(laminar flow)

Asymptotic dependence of eigenvalues and coefficients

We will assume again that eigenvalues are equally spaced
according to Eq. 9. From the same asymptotic behavior
(large eigenvalues), A/ takes the same values for flat (A4 =
n) and parabolic (A4 = 4) profiles, for both geometries. The
first eigenvalue is given by3 17

2
> = (parallel plates)
o= { 146819 (circularchannel)  (Plugflow) (250)
2 [ 18.3801 (parallel plates) .
o= { 25.6796 (circular channel) (laminar flow)

(25b)

Concerning the dependence of A, o ¢, (1) on 4,y, it can
be shown that —A,o ¢, (1) = 2 4,5 for plug-flows and

~Auo @, (1) ~ 2.401006045 7,5°

(approximately for high eigenvalues). The numerically calcu-
lated values for n = 1 are®

for laminar flows

0.20264  (parallel plates)

~Awe(l) = {0.136222 (circular channel) (plug flow)
(26a)

B ~ [0.2222280 (parallelplates) .
Aroei(1)= {0.19872216 (circular channel) (laminarflow)
(26b)

Uniformly valid approximation to
Sherwood/Nusselt number

Obtaining an uniform solution in this case involves the as-
ymptotic evaluation of the summation in Eq. 23, which can
be written as ZQ’:O f(n) as N — oo. We apply the Euler-
Maclaurin sum formula®® to obtain

(S + 1) OfPem,max N Shiev

n=1

0 An 1 —}i zZ ®
3 ‘oq)n()exp( 0 >_ =L L HOT — (27)

Concerning Eq. 27, the following remarks should be made:
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e Lévéque’s leading-order solution for Sherwood’s num-
ber, Shy gy, is given by

T [o. Pe,,
Shigv :% (S—l— l) T

o Pep max

(plug flow)  (28a)

1/3
Shigy = 0.820199 (S + 1)( ) (laminarflow)

z

(28b)

e As before, Lévéque’s term appears multiplied by a
corrective gamma function

1 }é 0Z
— Il —-qg——— 29
r(l - q) ( q7 O‘Pem,max ( )

e the higher-order terms HOT that result from the
asymptotic summation are written as

®LEV =

_/ﬁoz
HOT(S+ 1) = Ao ¢(1) exp| ———

o Pey max

+ A0 0y(1) (A1 42y —— ot (30
— | exp| ———
20 P2 1 2 Pem max P o Pey max

where HOT < 0 and

Ay q)l(l) S+1
Al =— - 3la
Ay 93(1) Az @y(1) Shea (1a)
AL L
A, = 22120 31b)

6

The values for A; were calculated so that the inlet bound-
ary conditions are fulfilled (this substitution is consistent as
shown previously).

Az @2 (1) and Ay are calculated from A,y @ (1), 410
and the assumption of equally spaced eigenvalues. Moreover,
q = 1/2 for plug flow, ¢ = 1/3 for laminar flow, S = 0 for a
planar duct and S = 1 for a circular channel, as before.

Substituting Eq. 27 in 23, yields

Orgy
Shiev

1 _6n
Sh Shq

(32)

where O¢g = 1 + HOT Shyy, since the existence of higher-
order terms is a measure of the importance of the fully
developed contribution. For laminar flow inside a circular
channel, the dependence of ®¢ and @ gy on z/aPe,, is shown
in Figure 4. Correlations based on the addition of both
developing and fully developed limits are frequently used
(e.g., in Lopes et al.®). Equation 32 provides a justification for
the form of such approximations, with additional functions
that weigh the importance of each contribution.

The Sherwood number can be calculated as described in
Shah and London,’ using both Graetz (with numerical and
asymptotic data) and Lévéque’s series. For a circular channel
with parabolic velocity profile, Figure 5 compares these
results with Eq. 32. In this case, the modulus of the relative
error compared with Eq. 32 has a maximum of 4% at
z/oPe,, = 0.04 (corresponding to ~0.236 in absolute error),
as shown in Figure 6. The error is reduced if a planar
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Figure 4. ®zy and O gy as functions of z/aPe,, for lami-
nar flow inside a circular channel.

channel is considered (maximum of 1.2% at z/aPe,, = 0.03)
or if the velocity profile is flat (e.g., maximum of 0.114%
for z/aPe,, = 0.03 in a circular channel).

Transition criteria between regimes
and ranges of validity

In the previous sections, we identified the contributions
from the entry length and fully developed solutions as a
result of the asymptotic technique employed. We now use
these results to derive criteria for delimiting regimes.

Dirichlet boundary condition

As we have shown previously, the fully developed contribution
(XGraETZ) can be isolated from the other terms in the uniformly
valid approximation Eq. 12. Therefore, a suitable criterion for
evaluating the degree of convective dominance is given by

100

Graetz's series

(1000 terms) =< ="Thie:work

[ A

Sh 10 A Graetz's series
] (5terms)
1 Lévéque's series /“
(7 terms) |
0.00001  0.0001 0.001 0.01 0.1 1 10
zfa Pe,

Figure 5. Sherwood number (Sh) as a function of z/

aPe,, for laminar flow inside a circular chan-
nel with uniform wall flux.
The result from this work, Eq. 32, is compared with the
solution from Graetz’s series (with 5 and 1000 terms)
and with the 7-term Lévéque’s series from Shah and
London.?
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-=-+--- Graetz series (20 terms)
Graetz series (1000 terms)

4 | = = =Levéque series (7 terms)

0
0.00001 0.0001 0.001 0.01 0.1 1 10
z/a Pe,
2

------- Graetz series (20 terms)
Graetz series (1000 terms)
= = =Leévéque series (7 terms)

(b)

0.5

0

0.00001 0.0001 0.001 0.01 0.1 1 10

zf/a Pe,

Figure 6. Relative error involved in estimating the Sher-
wood/Nusselt number with Eq. 32, in a circu-
lar (@) or planar (b) channel with Neumann
wall boundary condition and laminar flow.
Comparison of Graetz series (with either 20 or 1000

terms) and with Lévéque’s series (7 terms) as given by
Shah and London® is shown.

X - X
o — Xoraerz = Xk 33)
XGRAETZ

Equivalently, Eq. 33 expresses the degree of transverse
transport control and it is written as the sum of all higher
order terms, normalized by the 1-term solution for conver-
sion of reactant. According to the form of our approximate
solution for Xg, Eq. 12

HOT — XI*AEVEQUE

X GRAETZ

¢~ (34

Taking into account the dependence of each term in Eq.
34 on the Graetz number (Figure 2), we note that: when Xy
— XGRAETZ’ o — 0 (SinCC HOT ~ XIikEVEQUE — 0 and
Xcraerz ~ O(1)) and when Xg — Xy gveque, ¢ — 1 (since
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Figure 7. Degree of transverse transport control in a
circular channel with Dirichlet wall boundary
condition.

The full lines were calculated according to the uniformly
valid approximation Eq. 12. The limiting forms of the
criterion (Eqs. 36 and 37 given by dashed lines) agree

reasonably for ¢ — 1 and ¢ — 0. Both plug and lami-
nar flows are considered.

XGRAETZ ~ HOT, while XIikEVEQUEN X — 0) Therefore, ]
is bounded and changes from O to 1 as «Pe,/z increases
from 0 to co. Equation 34 may be accurately evaluated with
the results presented earlier (plotted in Figure 7 for flow in a
circular channel). For a given value of ¢, the resulting
(nonlinear) expression must be solved for z/aPe,,. Since our
purpose is to derive the boundaries that delimit the regions
where conversion can be confidently estimated by either
XGraeTZ OF X EVEQUE, We are interested in the two asymp-
totes of Eq. 34: ¢ — 1 and ¢ — 0.

For plug-flow, expanding Eq. 34 around z/aPe,, = 0 or
simply taking Xg — Xigveque in Eq. 33 and expanding
around the same point yields

z T (1 —wi 2 )
<I : 1-
ocPem_4<S+1> (1-9)

(entrance length as — 1) (35)

Similarly for laminar flow, the critical value of the recip-
rocal of the Graetz parameter below which Lévéque’s
approximation can be used is

: 1378 (1-win 3/2(17 /2
OCPeanax - (S + 3)1/2 S+1 ¢

(entrance length asp — 1) (36)

For the derivation of a criterion for the applicability of
the one-term Graetz regime, we consider: wy exp(—/lfmz/
ocPem,max)< 1, XﬁEVEQUE—) O but Al > Az Z/OC Pe,,hmax. ThlS set
of assumptions leads to

z 2 21 ]n(l — W]po)
O‘Pem,max A ®

2,00

(fully developed regime as ¢ — 0) (37)
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valid for plug and laminar flows. Figure 7 shows the ¢ curve
vs. the reciprocal of Graetz number for a circular channel.
Equations 36 and 37 are able to predict the result from Eq.
34 with the uniform approximation outlined in the “Struc-
ture of the mixing-cup concentration profile” section. For
parallel plates, the agreement for ¢ — 1 improves because
there is no need to account for channel curvature. Plug-flow
cases are also better described since no linearization of the
velocity profile near the wall is introduced.

Concerning the above criteria, we can make the following
remarks:

(a) The variation in the value of z/aPe,, in Figure 7 is
more abrupt in the range where the Graetz solution is
adequate. This results in a bigger insensitivity to the criteria
in this regime, whereas in the definition of the applicability
of Lévéque’s solution, the arbitrarily fixed value of ¢ may
induce large changes in the entrance length.

(b) The influence of the flow profile in the fully developed
boundary is irrelevant. There are numerical difficulties asso-
ciated with the limit of ¢ — 0 (near zero concentrations),
therefore Eq. 37 is particularly useful.

(c) The value of ¢ can be directly related with the relative
error that occurs when estimating conversion from the one-
term Graetz solution

¢GRAETZ = (XGrAETZ — XR)/XR = 0/(1 — @) ~ @  (38)
(d) The error that results from using Lévéque’s approxi-

mation Eq. 15 is given by ¢ gy = X gy—Xgrl/Xg, which in
the limit of z/aPe,,— 0 relates with ¢ according to

~ (1 - ¢)* (plug flow)

(39a)

P s I —=wig 2
SLEV:Z Wioo 4100 m (I-9)

2
Wi oo /11700 VI=Wwi

eLpy = 1.3778
Y S+3)72 s+ 1)

(1)~ (1 - )*?

(laminar flow)

(39b)

From Eq. 39, we can see that the error related with Lévé-
que’s solution is more sensitive to the choice of ¢, compared
with Eq. 38. Also, the selection of the same value of ¢ for
plug and laminar flows results in a more conservative crite-
rion for the former.

(e) Depending on the agreement required mainly with
Lévéque’s original solution, the transition region may extend
by several orders of magnitude of z/aPe,,.

These results define the length of the intermediate region
between developing and fully developed profile regimes.
Operation and design in this range are of practical interest
and haven’t been sufficiently characterized. We have
described analytically the transition from the low conversion
(small temperature change, ¢ — 1) asymptote to the high
conversion one (¢ — 0). The same region marks the transi-
tion from low to high pressure drop regimes

- 1—9)% o —1
AP fp(u) ~ (3 Pen) IN{(—lnq(;) o0

It is likely that an appropriate trade-off between achieving
the required conversion/temperature difference at the
minimum pressure drop yields an optimum point in the gap
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Figure 8. Degree of transverse transport control in a
circular channel with Neumann wall boundary
condition.

The full lines were calculated using Eq. 32. The dashed
lines are given by the limiting forms for ¢ — 1 and ¢ —

0 in Eqgs. 42 and 43. Both plug and laminar flows are
considered.

between the two well-described limits. The penalty in conver-
sion so that pressure drop decreases by a certain amount is
related to the value of ¢, as this measures the degree of
agreement with the high conversion (fully developed) asymp-
tote. The simple and accurate results provided can be used in
optimization procedures, where many evaluations would be
required. This may be particularly useful on the simulation of
multi-channel systems, at the integrated reactor level.

Another well-known trade-off occurs between conversion
and mass transfer. The effect of an entrance region is to
increase the mass/heat transfer rate, compared to the fully
developed region, even though this is detrimental to the
overall conversion. This increment can be quantified in sev-
eral ways (e.g. the incremental heat transfer number N(z)
given in Shah and London®). Therefore, ¢ also represents
the increment in the transfer rate due to the influence of the
inlet and the effect being privileged (high mass transfer rates
@ — 1, or high conversions ¢ — 0). Setting ¢ = 0.01 corre-
sponds to allowing the transfer rate at a given position to be
influenced by the inlet by 1%.

Neumann boundary condition

When the flux is uniform throughout the channel, we
have separated developing and fully developed contribu-
tions in the correlation for Sherwood (or Nusselt) number,
Eq. 32. In this case, a measure for profile development can
be written as

 Sh—Shy _ 1/Shg — 1/Sh
T Sh T 1/Shg

1) (40)

It Sh > Shgy (as it happens in the entrance length), then ¢
— 1. The fully developed region is characterized by low
values of ¢ (since ¢ — 0 as Sh — Shg,). According to Eq. 32

% OLev
% _ HOT-
Shiq Shiev

(41)

which can be completely determined with the information in
the “Uniformly valid approximation to Sherwood number”
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section. This is plotted as a function of z/aPe,, for a circular
channel in Figure 8. As previously, the limiting forms of Eq.
41 are

: A+ 11— )
oPe, — 4 Sh,

(entrance length as ¢ — 1 for plug flow) (42a)
3
z 3(1—9)
—— < 055177(S+ 1) ——5—
OCPemAmax - ( + ) Sh?‘d
(entrance length as ¢ — 1 for laminar flow) (42b)

z 1 (—Al,o @i (1) %)

>——In
)
1, S+1 1)

O(Pem,max 1o

(fully developed regime as ¢ — 0) (43)

valid for plug and laminar flows. The calculation of Eq. 41
from the uniformly valid solution and the limiting forms Eqgs.
42 and 43 are shown in Figure 8 for a circular channel. In the
fully developed limit, the curves for plug and laminar flow
overlap. The form of the curve in Figure 8 is similar to the one
in Dirichlet case (previous section) and therefore the same
comments are appropriate. Equation 40 directly measures the
deviation of the actual Sherwood number from its fully
developed value. On the other hand, the relative error
associated with Eqgs. 28 is given by

Sh—Shigy  1/Shigy — 1/Sh

~1-0© 44
Sh 1/Shipy Lev  (44)

ELEV =
Expanding Eq. 44 for z/oPe,, — O,

1 ).;02 I
LY YT —¢) (1 — q) \ o Pe,

Substituting Eq. 42, ¢ gy can be related with ¢:

72,0

ELEV ™~ (S + 1) Shfd

(1 —=¢)~(1—-9) (plug flow) (45a)

4/3
2720
2

hiy

eLev ~0.745201(S+1) (1—¢)*~ (1—¢)* (laminar flow)

(45b)

For the same value of ¢, the criterion is more conserva-
tive for laminar flows.

Another interpretation of these results can be given in
terms of the mass/thermal boundary layer developing near
the interface. The thickness of this region o is related to the
Graetz parameter and it has been shown that it should be
included e.g. in the criteria for delimitation of mass transfer
— reaction regimes in a microreactor.®*® As in the case of
the thermal/mass entrance length, there is a lot of disparity
in the definitions and values reported concerning 9.

In the case of uniform wall flux, we have obtained an
explicit approximation for the Sherwood/Nusselt number.
From the theory of interphase transfer coefficients, we
define the thickness of the boundary layer (a J) so that the
mass/heat transfer coefficient is given by k,, ~ D/(a 9).
Thus, the Sherwood/Nusselt number can be written as Sh(z)
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= (S + 1)/ 6(z). The maximum boundary layer thickness is
oo = (S + 1)/Shgq. The normalized thickness so that 0% =
1 (boundary layer thickness equals the radius of the chan-
nel) for fully developed profile is

Shiq
0= —+
Sh
Introducing Eq. 32 or 40
. Sh
8 = O+ o Oy =1 - ¢
Shiev

In the case of a Dirichlet wall boundary condition, our cri-
terion ¢ was formulated in terms of conversion values,
which makes the relationship with Sherwood number more
complex. For simplicity, and since we are looking for an
estimate, the following expression is proposed

5~ (1— (p)q/(l—c1>

where ¢ = 1/2 for plug and ¢ = 1/3 for laminar flow. This
allows both fully developed and developing dependences of §*
on the Graetz parameter to be respected. The exact numerical
coefficients may differ a little from this estimate, but the
correct order of magnitude is kept. We note that according to
Equations 39 at the inlet: 6 ~ /e gv for plug flow and 5~
fi;\, for laminar flow. On the other hand, according to Eq. 38
when the profile is near full development: 8" ~ 1-tgrapTy foOr
plug flow and 6" ~ /1 — égraprz for laminar flow. The
correct estimation of this thickness is fundamental for
the design of optimized microchannel systems, where the
complete or a fraction of the boundary layer is removed or
disrupted by the periodic placing of outlets or inlets.'?

Expressing the dependence of Nusselt or Sherwood num-
ber on the Graetz parameter is often not achieved by a single
expression. Almost all correlations for Sherwood/Nusselt
number are given in branches with compartmented ranges of
validity (usually, one for fully developed conditions and
other(s) for developing profile), and one can find many
examples of this in Shah and London’s book.® Since each
expression is constructed from asymptotic limits, it is recog-
nized that at the intersection of both asymptotes or in the
limits of each interval, the error in predicting Sherwood
number is maximum. A curious consequence from Eq. 32 is
an estimate for the maximum error associated with this
approach. At the intersection: Shyy = Shigy = Shey (esti-
mated Sherwood number). Then, the relative error from this
approach is given by

Shest
Sh

This should be evaluated at the intersection point, which
are given in Table 1 (criterion type B). For laminar flow in a
circular channel: error ~9%. In this case, the existence of an
uniformly valid solution to the interphase coefficient can
reduce the error significantly.

From Figure 4, we can observe that ®p and Opgy
intersect at z/oaPe,, ~ 0.01 at a value of ~0.4. At this
point, ¢ ~ 0.5 which corresponds to the intermediate
level of profile development. This validates the roles of
Oy, Oy and ¢ as being indicative of the degree of pro-
file development.

error = 1 —

=1— (O + Orgy)
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Comparison with previous criteria

In most of the chemical engineering literature, the ranges
of validity of the entrance and fully developed models have
been obtained in a number of ways that we briefly detail
below. Table 1 situates previous regime boundaries within our
criterion by calculating the respective value of ¢. Data from
the following five “calculation methods™ are presented:

A. Analogy with the Momentum Boundary Layer Develop-
ment Length. For example, Kockmann'? scale the entrance
length for the concentration profile from the hydrodynamic
length yielding in our variables

d2
Z <005
o Pe,, a?

In Table 1, we compare this with other criteria for laminar
flow in a channel with Dirichlet wall boundary condition.

B. Intersection of Fully Developed and Levéque Asymp-
totes in a Sh — a Pe,/z Plot. Lopes et al.® calculated the
value of the Graetz parameter where Lévéque’s correlation
attained the fully developed value. This is a usual procedure,
which however ignores the intermediate region. In this case,
transition occurs around ¢ ~ 0.10.

C. Error Comparison with Numerical Solution. Gervais and
Jensen'? determined the intersection of absolute error curves
from 1D models with developing and fully developed correla-
tions for Sh. Their result for laminar flow between parallel
plates with symmetric boundary conditions is in Table 1.

D. Agreement with Shy; by an Arbitrarily Defined Margin
of Error. The reference book from Shah and London®
presents the distance required to achieve a local Nusselt
number equal to 1.05 of the fully developed temperature
profile value. Polyanin et al.?® also calculate the length of
the thermal initial region so that Nu = 1.01 Nug. Table 1
contains these results for laminar flow. It can be seen
directly in the case of Neumann boundary condition, that our
criteria confirms these results.

E. Agreement Between Analytical Solutions. Shah and
London® give the range of z/aPe,,, where the Nusselt number
calculated from the 120-term Graetz series equals the one
from the 7-term Lévéque series up to 5 or more digits. In
addition, Alonso et al.’° identified the transition region in
laminar flow inside a circular channel with wall concentra-
tion annulment (0.05 < z/a Pe,, < 0.2). This is also included
in Table 1 for comparison.

From these few examples in the literature, we can make
the following comments:

(a) As expected, most available information refers to the
value of the Graetz parameter below which the fully deve-
loped profile is adequate. Much less information concerning
the validity of Lévéque’s solution is provided. The finite tran-
sition region between both regimes is also frequently ignored.

(b) There is a large variation in the boundaries that are pro-
vided, sometimes by one-order of magnitude. This is reflected in
terms of ¢ values, and consequently on the relative error
incurred by the use of approximations (see e.g. Eqgs. 38 and 39).

(c) When provided, the boundary for the developing pro-
file given by Lévéque’s solution is usually overestimated
(values of ¢ not high enough).

Despite this and the fact that the concept of thermal/mass
profile development length is well established, it is a
common practice to propose criteria for the negligibility of
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Table 1. Comparison of the Ranges of Validity Given in the Literature with Our Criteria

Shape Flow Profile Boundary Condition Criterion Type W ® Refs.
Circular Laminar Dirichlet A 0.2 0.002 14
30
B 0.1021 0.03 8
D 0.22 0.001 29
0.1339 0.01 3
E >8 x 107° 0.974
<0.02 0.315
>0.05 0.108 30
Neumann B 0.1063 0.09 8
D 0.28 0.01 29
0.722 0.04 3
E >8 x 107* 0.80
<0.02 0.40
Plug Dirichlet B 0.0381 0.10 8
Neumann B 0.0491 0.27
Plates Laminar Dirichlet A 0.8 ~107° 14
B 0.07 0.07 8
C 0.24 0.001 13
D 0.01276 0.014 3
E >0.008 0.58
<0.016 0.43
Neumann B 0.0948 0.14 8
D 0.1847 0.045 3
E >0.008 0.57
<0.08 0.17
Plug Dirichlet B 0.0523 0.1 8
Neumann B 0.0873 0.26

entrance effects with no relationship to the arbitrary basis on
which they were formulated and without the information that
the analytical solution provides. Instead, an order of magni-
tude for the Graetz parameter is often preferred. Recently,
Morini®! proposed that inlet effects on the average Nusselt
number can be neglected if Gz = (u)d7/(DL) < 10. From
Figure 7, we can see that this corresponds to (« Pe,) ! >
0.4 and to a very conservative (low) value of ¢. Order of
magnitude results ignore the correct numerical coefficients,
which distinguish different shapes and flow conditions.

We note that in principle the analysis can be extended to
channels with different cross-sectional shapes. From WKB
theory for large eigenvalues, curvature is negligible at the
region near the interface, and therefore the dependence of
eigenvalues and weights on n should be approximately the
same. The correct values for A; and w, can be calculated
numerically or taken from the literature™* for many geome-
tries. Lévéque’s solution can also be extended using a nor-
malization based on the friction factor.” At the convective
dominated regime, shape effects are negligible at the bound-
ary layer and it is only required to include the correct linea-
rization for the laminar velocity profile. The same applies to
other Graetz problems that have appeared in the literature>—°
and received the same analytical treatment, as long as an
asymptotic description of coefficients is available.

Conclusions

We have derived an approximate analytical solution to
Graetz’s problem in terms of a combination of the fully
developed and developing (Lévéque’s) limits. Our solutions
for the mixing-cup concentration/temperature profile or for
Sherwood number, as a function of the axial distance, have
the following features: (a) accurate results are obtained over
the full range of the Graetz number (x Pe,/z); (b) relative
error does not increase sharply in any specific range; (c)
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both limiting regimes are respected and the gap between
them is well described; and (d) the form of the analytical
solution is much simpler than any of the existing (involving
a large number of terms with numerically determined co-
efficients) and minimum numerical evaluation is required.
Mixing-cup concentrations are described with a maximum of
0.1% relative error (except for laminar flow between parallel
plates, where the error is higher but still tolerable). When
the wall boundary condition is of Neumann type, a solution
for the Sherwood number based on adding the entrance
length and fully developed terms is given. Each term has an
associated weighting function, for which analytical expres-
sions are provided.

Finally, we define criteria for transition between regimes
which reflect the relative errors obtained by using the fully
developed or Lévéque solutions. Explicit expressions for the
length of the profile development zone are provided as a
function of a desired degree of agreement with the fully
developed solution, channel geometry, flow profile and
boundary condition type. Previous disperse results in the lit-
erature are framed in a common analysis. Ranges of validity
for the developing profile asymptote are given, as well as
estimates for the length of the transition region. The
approach presented can be extended to the analysis of Graetz
or other chemical engineering problems.
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Notation

a = radius of the circular channel or half-spacing between
parallel plates
A, = nth integration constant
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bulk fluid concentration of reactant species
(¢) = reactant’s mixing-cup concentration of the reactant species
cin = inlet reactant concentration
D = bulk fluid diffusivity
dj, = hydraulic diameter
Da = Damkohler number for a zero-order reaction
G, = coefficients used by Shah and London® in the mixing-cup
temperature profile (= —A,/2d,/dr,—)
HOT = higher order terms
ky, = interphase transfer constant
L = length of the channel
Pe,, = transverse Peclet number (= a(u)/D or = a(u)/i)
g = exponent in Lévéque’s dependence on Graetz’s parameter
r = dimensionless transverse coordinate (= 7*/a)
S = shape parameter: =0 for parallel plates; = 1 for circular
channel
Sh = Sherwood number
T = temperature of the fluid
(T) = mixing-cup temperature of the fluid
u(r) = velocity profile inside the channel
(u) = average velocity inside the channel
v(r) = dimensionless velocity profile, normalized by average velocity
Xr = conversion of reactant
n'™ coefficient related with Shah and London’s® notation by
= 26G,/22
z = dimensionless axial coordinate

z/a Pem = reciprocal of Graetz’s parameter
Greek letters

o = aspect ratio of the channel
A = compensation function
AJ = spacing between eigenvalues
¢ = relative error
§ = thickness of the cq;}centration/thermal boundary layer

— H z—1 ,—
re) = Gamma function, [ # ' e’ dtac

T, 2 = incomplete Gammg function, f et dr

y = axial contribution to terms in Graetz’s solution
Kk = thermal diffusivity

¢ = degree of transverse transport control
¢, = n™ eigenfunction

A, = n™ eigenvalues

o = shape/flow parameter, (S + 1)umax/ (1)

Superscripts

A = dimensional quantity
" = derivative

Subscripts

fd = fully developed
In = inlet

GRAETZ = Graetz series (1 term)

LEV = Lévéque’s solution
max = maximum (referred to maximum velocity)
surf = at the wall of the channel
wall = at the wall of the channel
0 = in the Neumann limit
oo = in the Dirichlet limit
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Appendix: Graetz-Nusselt Problem

The governing equations that describe the classical Graetz
problem include transport in a channel by convection in the
axial direction and transverse diffusion. For a circular chan-
nel, the mass (or heat) balance writes as

10 dc dc
9 <ra) =aPe,v(r) 3, (A1)

where the dimensionless independent variables are the axial
position scaled by the channel length (z=Z/L) and the
transverse position within the open channel (normalized by
channel radius (r =7 /a)). Concentration or temperature are
normalized according to Eq. 1. The dimensionless uniform
and parabolic velocity profiles are

u(r) $23(1—r%) laminar flow
n 1 plug-flow

(A2)

where S = 0 for parallel plates and S = 1 for circular chan-
nel.

The two dimensionless parameters in Eq. Al are: the
transverse mass Péclet number (Pe,, = (u)a/D) and the
channel aspect ratio (o« = a/L). Axial diffusion is negligible

up to O(c?), i.e. for small aspect ratio channels. In this case
(o0 < 1), the inlet Danckwerts” boundary condition is simpli-
fied to uniform inlet concentration for Pe,, > o

e(r,0) =1 (A3)

In the transverse direction, the symmetry boundary condi-
tion is appropriate at r = 0. Additionally, a condition at the
wall is required. In the case of a microchannel reactor where
a first-order reaction is occurring at the wall it writes as

dc

o7 ,:1: —Da ¢(1,z) (A4)

where the Damkohler number (Da = akg,/D) accounts for
the reaction timescale. In this work, we are concerned with
two particular limits of (A4): Da — 0 and Da — oo, Neu-
mann and Dirichlet boundary conditions respectively. For
the heat transfer problem, Eq. A4 expresses finite wall ther-
mal resistance® (Ry), where the same limiting forms are
found for R,; — oo and R,; — 0. The well-known solu-
tion'” to this problem has the following separable form

2

c(ryz) = ZA” @,(r) exp (_7/1”2> (AS)
n=1

o Pep max

where ¢,(r) is an eigenfunction in the transverse coordinate,
while the exponential term represents the axial dependence
of the concentration profile (being Pe,, ..x the transverse
Péclet number evaluated at the maximum velocity in the
channel). Averaging this equation over the channel’s trans-
verse length, with the velocity profile, yields Eq. 2.
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